Abstract. We generalize a formula of Leopoldt which relates the p-adic regulator modulo p of a real abelian extension of Q with the value of the relative Dedekind zeta function at s = 2 − p. We use this generalization to give a statement on the non-vanishing modulo p of this relative zeta function at the point s = 1 under a mild condition.
The p-adic class number formula mod p
Let χ be a primitive character of Gal(K/Q) of conductor f χ and τ (χ) its Gauss sum. In [4] , Leopoldt introduced the following p-adic analogue of the Partially supported by the project MTM2009-07024 of Spanish Ministerio de Ciencia e Innovación.
complex value L(1, χ)
where ξ is a primitive f χ -root of 1 and log p is the Iwasawa logarithm.
Proposition 1.1 (Leopoldt, [4] , 1.8). Suppose that p ∤ f χ and that χ(−1) = 1. Then
The following definition is well known.
The Fermat quotient satisfies the following property, whose proof is straightforward.
be a fundamental system of units of O K , the ring of integers of K, and {σ j } g j=1 a set of real embeddings of K into Q alg .
Definition 1.4 (Leopoldt, [4] ). The p-adic regulator mod p is
As in the case of the standard p-adic regulator, which we denote by R p (K), it is easy to check that R (p) (K) is well defined up to a sign. The following theorem is stated in [4] but it appears without a proof, which we give here. Theorem 1.5. Let K/Q be a real abelian extension and let p > 3 be a prime such that for any character χ of Gal (K/Q) of conductor f χ , p ∤ f χ .
Then, with the above notations, there exists a fundamental system of units such that
Proof. From the very definition of p-adic regulator mod p, for any fundamental system of units we have that
From the p-adic class number formula, there exists a fundamental system of units such that
the product being taken over the set of non trivial characters of Gal(K/Q). Using Proposition 1.1, we obtain that
But the left hand side of (1.1) is congruent to
Remark 1.6. In formula (3.8) of [4] , the right hand side of the congruence appears with a potentially distinct sign. This is no contradiction, since regulators are defined up to a sign.
2.
A p-adic class number formula mod p n and special values of p-adic relative zeta functions
Given z ∈ Z * p , write z = ω(z) z , where ω(z) is the unique (p − 1)-th root of 1 which is congruent to z modulo p. Denote by Q p,n (z) the truncation of the series
be a fundamental system of units of K and {σ j } g j=1 a set of embeddings of K into Q alg . The p-adic regulator modulo
It is also easy to prove that R (p,n) (K) is also well defined up to a sign. The following lemma is obvious from the definition of Q p,n . Lemma 2.2. For any integer n ≥ 1, −pQ p,n (z) ≡ log p (z) (mod p n+2 ).
As a direct consequence of this lemma, we have the following result.
Proposition 2.3. For any integer n ≥ 1, there exists a fundamental system of units such that
Proposition 2.4 (Kubota-Leopoldt, [2] ). Let χ be a character of Gal(K/Q) of conductor f χ . Let p > 3 be a prime and suppose that p ∤ f χ . Then, for any s ∈ Z p ,
✷ Now, we state and prove our main result. Theorem 2.6. Let K/Q be a real abelian extension and p > 3 an unramified prime for K such that for any character χ of Gal (K/Q), p ∤ f χ . Then, there exists a fundamental system of units in O * K such that for any n ≥ 1,
Proof. Given an integer n ≥ 1, by using Lemma 2.2 we have that
. By using Proposition 2.4 and Theorem 2.5, we obtain
By the p-adic class number formula, the left hand side of (2.1) equals
Dividing by p g−1 , the result follows.
With Proposition 2.6, we can formulate the following result on the nonvanishing mod p of the classical Dedekind zeta function Corollary 2.7. Let K/Q be a real abelian extension. Let p > 3 be an unramified prime such that (p, h k ) = 1 and
.
, the left hand side of the equality of Theorem 2.6 is a p-adic unit. Hence, the result follows. 
, where the product runs through the group of characters of Gal(K/Q).
The function ζ K,p is meromorphic with a simple pole at s = 0, which can be cancelled out dividing by L p (1 − s; 1). The quotient is, hence, an analytic function denoted by ζ K/Q,p . By passing to the limit in Corollary 2.7, we have the following result. Theorem 2.9. Let K/Q be a real abelian extension. Let p be an unramified prime such that (p, h k ) = 1 and R p (K) ∈ p g−1 Z * p . Then, ζ K/Q,p (1) p = 1.
